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ABSTRACT 

aW6 
The theory of atmospheric tides, as it has been developed for Earth’s 

atmosphere, is applied to the Martian atmosphere. For corresponding modes 

of oscillation, equivalent depths are less in the Martian atmosphere than 

in Earth’s atmosphere. On the other hand, the eigenvalue corresponding 

to the presumed Martian temperature distribution in the troposphere and 

stratosphere is about 20 km, about twice the corresponding value on Earth. 

These differences arise mainly from the different radii and masses of the 

planets. Unless the temperature distribution at high levels on Mars has 

a rather special form so that a second eigenvalue appears, no resonance 

magnification is to be expected. Tides in the Martian atmosphere might 

arise from periodic temperature oscillations, induced either by surface 

heating, or by radiative heating through deep layers of the atmosphere. 

If there is no significant resonance, and unless these temperature oscil- 

lations are much larger than presently believed, the resulting tidal 

oscillations are unlikely to play any significant role in the circulation 

of the Martian atmosphere. 
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SECTION 1 

INTRODUCTION 

The expres s ion  atmospheric  t i d e s  is  gene ra l ly  used t o  r e f e r  t o  

a tmospheric  o s c i l l a t i o n s  whose pe r iods  a r e  equal  t o  o r  sub-mul t ip les  

of s o l a r  o r  l una r  day, r e g a r d l e s s  of whether t h e  o s c i l l a t i o n s  a r e  

g r a v i t a t i o n a l l y  o r  thermal ly  exc i t ed .  

atmosphere has  a long h i s t o r y  and has  claimed t h e  a t t e n t i o n  of such men 

a s  Laplace,  Kelvin,  Rayleigh,  Margules, Lamb, Chapman, Taylor ,  and Peke r i s .  

One reason  f o r  t h i s  i n t e r e s t  i n  t h e  r e l a t i v e l y  smal l  o s c i l l a t i o n s  involved 

i s  t h e  r a t h e r  s u r p r i s i n g  obse rva t ion  t h a t  i n  ou r  atmosphere t h e  s o l a r  semi- 

d i u r n a l  t i d e  predominates over  t h e  lunar t i d e  (wi th  i t s  s t r o n g e r  g r a v i t a -  

t i o n a l  e x c i t a t i o n )  and t h e  s o l a r  d i u r n a l  t i d e  (wi th  i t s  s t r o n g e r  thermal 

e x c i t a t i o n ) .  Although a l l  t h e  d e t a i l s  of  t h i s  phenomenon a r e  not'  c l e a r l y  

understood,  i t  now appears  t h a t  t h e  predominance of  s o l a r  t i d e s  over  l u n a r  

The theory  of t i d e s  i n  the  E a r t h ' s  

i s  due t o  t h e  importance of thermal e x c i t a t i o n  and t h a t  t h e  r e l a t i v e  

s t r e n g t h  of t h e  s o l a r  semi-diurnal  o s c i l l a t i o n  r e s u l t s  from a p e c u l i a r  

response of o u r  atmosphere t o  t h e  p e r i o d i c  hea t ing .  There i s  no reason  

t o  b e l i e v e  t h a t  t h e  theo ry ,  which n e c e s s a r i l y  con ta ins  many s i m p l i f i c a t i o n s ,  

i s  inadequate  and one may apply i t  wi th  reasonable  confidence t o  the  atmos- 

pheres  of o t h e r  p l a n e t s ,  The h i s t o r y  and p resen t  s t a t u s  of  t i d a l  theory 
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has been reviewed r e c e n t l y  by S i e b e r t  (1961), t o  whose work the  r e a d e r  

i s  r e f e r r e d  f o r  f u r t h e r  d e t a i l s .  

The p l a n e t  Mars i s  one f o r  which the  a p p l i c a t i o n  of t i d a l  theory 

appears t o  have some i n t e r e s t .  The r e l a t i v e l y  l a r g e  d i u r n a l  temperature 

v a r i a t i o n  t h a t  i s  i n f e r r e d  f o r  t h e  s u r f a c e  of Mars raises the  q u e s t i o n  

of t h e  response t h e r e t o  of the Mart ian atmosphere. Both Mintz (1961) 

and Ohring and Cote (1963) have specu la t ed  on t h e  p o s s i b i l i t y  of an  

important d i u r n a l  o s c i l l a t i o n  i n  the  Martian atmosphere. The purpose 

of t h ik  r e p o r t  i s  t o  i n v e s t i g a t e  such a p o s s i b i l i t y  w i t h  t h e  a i d  of 

s tandard t i d a l  theory.  

/ 

I n  f u l l  d e t a i l ,  t h e  development of t h i s  theory i s  r a t h e r  cumbersome. 

Sect ion 2 ,  t h e r e f o r e ,  con ta ins  on ly  a s t a t emen t  of the assumptions and 

r e s u l t s .  S i e b e r t  (1961), whose n o t a t i o n  i s  p r i n c i p a l l y  used throughout,  

has g iven  a l l  necessary d e t a i l s  and a p p r o p r i a t e  r e f e r e n c e s .  The theory 

gives  r i s e  t o  two o rd ina ry  d i f f e r e n t i a l  equa t ions ,  one of which i s  usu- 

a l l y  r e f e r r e d  t o  a s  Laplace 's  t i d a l  equa t ion  and t h e  o t h e r  of which we 

may c a l l  t h e  r a d i a l  equat ion.  

condi t ions,  w i th  r e fe rence  t o  both E a r t h  and Mars, a r e  d i scussed  i n  

Sect ion 3 .  F i n a l l y ,  i n  Sec t ion  4 ,  some numerical  es.timates f o r  Mars a r e  

presented. 

S o l u t i o n s  of t hese  equa t ions  f o r  d i f f e r e n t  

2 



SECTION 2 

OUTLINE OF THE BASIC THEORY 

2 . 1  COORDINATES AND BASIC NOTATION 

I n  the  development of t i d a l  theory,  s p h e r i c a l  coord ina te s  r, 8, cp 

a r e  used w i t h  o r i g i n  a t  the  c e n t e r  of t h e  p l a n e t  and w i t h  r the  r a d i u s  

v e c t o r ,  8 t h e  c o l a t i t u d e ,  p o s i t i v e  southward from t h e  n o r t h  pole ,  and 

cp t he  long i tude ,  p o s i t i v e  eastward. The corresponding wind components 

are w, u, and v r e s p e c t i v e l y .  The pressure,  d e n s i t y ,  and temperature 

a r e  denoted by p, p ,  T; t h e  undis turbed values  of t h e s e  q u a n t i t i e s  by 

po, po, To; 

6T. Some o t h e r  symbols a r e :  

and t h e  v a r i a t i o n s  due to  the t i d a l  o s c i l l a t i o n  by 6p, 6p, 

a, r a d i u s  of t h e  p l a n e t  

03, angu la r  v e l o c i t y  of t h e  p l a n e t  

g,  a c c e l e r a t i o n  of g r a v i t y  on the  p l a n e t  

7 = c / c  r a t i o  of  t he  s p e c i f i c  h e a t s  o f  t h e  atmosphere 
P v' 

K = (7  - l ) / 7  

m, mean gram-molecular weight 

z, h e i g h t  above t h e  p l a n e t a r y  su r face  

R, u n i v e r s a l  gas  c o n s t a n t  
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H RT /mg, s c a l e  h e i g h t  of t he  atmosphere 

X ,  v e l o c i t y  divergence 

R ,  s c a l a r  p o t e n t i a l ,  d e s c r i b i n g  the  g r a v i t a t i o n a l  t ide-producing f o r c e  

J ,  h e a t  added pe r  u n i t  m a s s  and p e r  u n i t  time, d e s c r i b i n g  the thermal 

0 

t ide-producing f o r c e  

2n/cr, per iod  of the o s c i l l a t i o n  

f C/2W 

Other symbols w i l l  be de f ined  as they appear .  

2.2 BASIC ASSUMPTIONS 

The fol lowing assumptions a r e  made: 

(1) To v a r i e s  with h e i g h t  i n  an a r b i t r a r y  way t h a t  can be s p e c i f i e d ,  

but does no t  vary wi th  l a t i t u d e  o r  l ong i tude  (except  i n s o f a r  a s  s m a l l  

p e r i o d i c  v a r i a t i o n s  a r e  imposed by the  h e a t i n g  f u n c t i o n  J). 

(2) po and p a r e  r e l a t e d  t o  To by the  h y d r o s t a t i c  equa t ion  and the  
0 

equat ion of s t a t e  f o r  an i d e a l  gas .  

(3)  6p,  6p, 6T, u,  v ,  w a r e  s m a l l  q u a n t i t i e s  whose squares  and 

products may be neg lec t ed .  

( 4 )  E l l i p t i c i t y  of the p l a n e t ,  v e r t i c a l  a c c e l e r a t i o n ,  v i scous  f o r c e s ,  

v e r t i c a l  v a r i a t i o n  of the r a d i u s  v e c t o r ,  v e r t i c a l  v a r i a t i o n  of g ,  and 

v e r t i c a l  v a r i a t i o n  of d n l a z  a r e  a l l  neg lec t ed .  
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(5) All of the dependent variables and the functions R and J may 

vary with z ,  8 ,  cp,  and t. However, it is assumed that these variations 

are separable and may be expressed as 

where G stands for any of Sp, ST, 6p, u, v, w, X, R or J and a,.ere s = 0, 

1, 2, 3, .... . Obviously, since we are dealing with linearized equations, 

there are many solutions of the type (2- 1) (with different values of s and 

a) and these solutions are additive. 

we shall often use only the subscript n and not refer explicitly to the 

dependence of G and G on s and Q. 

However, for convenience of notation, 

A 

2.3 FORMAL SOLUTION 

The mathematical solution of the problem leads to two ordinary 

differential equations. One is called Laplace's tidal equation with 
A 

independent variable 8 and dependent variable 8 where 8 = i ( e )  = Jn(e). n' n n 

It MY be written 

where the operator F is defined by 
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and where h i s  a cons tan t  w i th  dimension of l eng th  and a r i s e s  i n  a separa- 

t i o n  of v a r i a b l e s .  

n 

The o t h e r  d i f f e r e n t i a l  equa t ion  i s  c a l l e d  t h e  r a d i a l  equa t ion  and 

i n  i t s  b a s i c  form has z a s  independent v a r i a b l e  and X as dependent v a r i a b l e .  

It a l s o  involves  terms i n  J which may be regarded as a s p e c i f i e d  f u n c t i o n .  

This equat ion i s  g r e a t l y  s i m p l i f i e d  by the  fol lowing s u b s t i t u t i o n s :  

n 

n’ 

With these,  the r a d i a l  equa t ion  becomes 

A l l  of t he  o t h e r  dependent v a r i a b l e s  can be w r i t t e n  i n  terms of 0 (e) 
n 

w and 6pn a r e :  n’ vn’ n’ and y,(x). The expressions f o r  u 

e )  exp[i(scp -b ut) ]  (2-7) 
c o t  e 7ghn exp (x/ 2) 

4acu ( f  - COS e )  2 2  2 f n 
u =  n 

S 
exp[i(scp + ut ) ]  (2-8) , 

i7ghn exp (x/ 2) 

4acu ( f  - COS e )  I 
2 2  2 

v =  n 

6 



2.4 BOUNDARY CONDITIONS AND FURTHER PROCEDURES 

The s tudy  of atmospheric t i d e s  involves the s o l u t i o n s  of (2-2) and (2-6) 

under v a r i o u s  phys ica l  cond i t ions .  So lu t ions  of Laplace 's  t i d a l  equa t ion  

must s a t i s f y  t h e  cond i t ions  t h a t  u vanishes  a t  t h e  po le s  and i s  s ing le -  

valued elsewhere.  S o l u t i o n s  of t h e  r a d i a l  equa t ion  must s a t i s f y  t h e  condi- 

t i o n  t h a t  w = 0 a t  t h e  ground and a l s o  a second boundary c o n d i t i o n  t h a t  

we s h a l l  d i s c u s s  f u r t h e r  i n  Sec t ion  3 .  The q u a n t i t y  h p l ays  a key r o l e  

i n  t h e s e  s o l u t i o n s .  Because i t  a r o s e  a s  a s e p a r a t i o n  c o n s t a n t ,  i t  must 

have t h e  same va lue  i n  (2-2) a s  i n (2 -6 ) ,  f o r  any p a r t i c u l a r  s o l u t i o n  of t h e  

type (2 -1 ) -  I t s  p o s s i b l e  v a l u e s  a r e  l imi t ed  i n  one way o r  ano the r  by t h e  

boundary c o n d i t i o n s  and o t h e r  p h y s i c a l  cond i t ions  of t h e  problem under 

cons i de r a t ion .  

n 

n 

Although we a r e  p r i m a r i l y  concerned with fo rced  o s c i l l a t i o n s ,  it i s  

u s e f u l  t o  cons ide r  f i r s t  t h e  problem of f r e e  o s c i l l a t i o n s  (a - = 0). n - Jn 

I n  t h i s  ca se ,  one may s t a r t  w i th  the  homogeneous c o u n t e r p a r t  of  (2-6). A 

v e r t i c a l  temperature  d i s t r i b u t i o n  is  assumed, which s p e c i f i e s  H ( x ) .  For 

temperature  d i s t r i b u t i o n s  s i m i l a r  t o  t h a t  i n  t h e  E a r t h ' s  atmosphere, and 
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f o r  t h e  a p p r o p r i a t e  boundary c o n d i t i o n s ,  t h e  homogeneous form of (2-6) i s  

so lub le  only f o r  one o r  two v a l u e s  of hn. 

atmospheric e igenvalues  and use t h e  symbol h f o r  them. 

We s h a l l  r e f e r  t o  t h e s e  as 
A 

A 

Corresponding t o  each atmospheric e igenvalue h ,  t h e r e  a r e  fo rma l ly  

a doubly i n f i n i t e  number of s o l u t i o n s  of Lap lace ' s  t i d a l  equa t ion  (2-2) .  

These correspond f i r s t  of a l l  t o  d i f f e r e n t  va lues  of s (wave number). For 

each s t h e r e  i s  an i n f i n i t e  number of s o l u t i o n s  (modes of o s c i l l a t i o n ) ,  

each w i t h  i t s  own p e r i o d .  The p e r i o d  f o r  a g iven  mode e n t e r s  through the  

parameter f and depends of course on h and s .  
h 

Although we a r e  no t  concerned he re  wi th  f r e e  o s c i l l a t i o n s ,  t h e  va lues  
A 

of h corresponding t o  a given temperature d i s t r i b u t i o n  have played an 

important p a r t  i n  t h e  d i s c u s s i o n  and i n t e r p r e t a t i o n  of atmospheric t i d e s  

f o r  reasons t h a t  w i l l  be seen  below. 

I n  the  case of t i d a l  o s c i l l a t i o n s ,  t h e  p h y s i c a l  c o n s t r a i n t s  a r e  d i f -  

-1 f e r e n t .  We a r e  i n t e r e s t e d  i n  s p e c i f i c  pe r iods  equa l  t o  X of t h e  s o l a r  

(or  l una r )  day, ( A  = 1, 2, 3, ....), and t h e r e f o r e  i n  p a r t i c u l a r  va lues  

of f .  

there  a r e  formally an i n f i n i t e  number of s o l u t i o n s  of (2-2),  each of which 

may be w r i t t e n  0 (n = 1, 2,  3, ....). Corresponding t o  each s o l u t i o n  

i s  a va lue  of h ,  c a l l e d  an  e q u i v a l e n t  depth.  The va lue  o f  an e q u i v a l e n t  

depth hS 

d i s t r i b u t i o n .  A s o l u t i o n  of (2-6) i s  then sought f o r  t h e  e q u i v a l e n t  depth 

corresponding t o  t h e  mode of o s c i l l a t i o n  under c o n s i d e r a t i o n .  Contrary 

For an  o s c i l l a t i o n  c h a r a c t e r i z e d  by p a r t i c u l a r  va lues  of A and s ,  

S 

1, n 

depends on X, s ,  and n bu t  no t  on the  v e r t i c a l  temperature 
1, n 

8 



to the case of free oscillations, solutions of (2-6) are not restricted 

to values of h corresponding to the atmospheric eigenvalues, because 

either R or Jn is different from zero. 

has associated with it an equivalent depth h 

one of the atmospheric eigenvalues h, and if further the corresponding 

forcing function R (or J ) is not too small, then one may expect a 

large amplitude for that mode of oscillation. Such a phenomenon is 

referred to as resonance. There are various ways of quantifying this 

rather vague definition of resonance, and we shall return to this in 

Section 4. 

S However, if an oscillation 0 
n 1, n 

S that is nearly equal to 
A,n 

h 

S S 

A,n 1, n 
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S E C T I O N  3 

METHODS AND RESULTS OF S O L V I N G  THE D I F F E R E N T I A L  EQUATIONS 

I n  the l a s t  p a r t  of t he  previous s e c t i o n  we d i scussed  q u a l i t a t i v e l y  

the procedures f o r  i n v e s t i g a t i n g  f r e e  o r  fo rced  o s c i l l a t i o n s .  Here we 

s h a l l  go i n t o  more d e t a i l  with r e s p e c t  t o  t i d a l .  o s c i l l a t i o n s ,  adap t ing  

s o l u t i o n s  t h a t  have been ob ta ined  f o r  o u r  atmosphere t o  t h a t  of Mars, 

3 .1  L A P L A C E ' S  T I D A L  EQUATION,  E A R T H ' S  ATMOSPHERE 

Lap lace ' s  t i d a l  equa t ion  (2-2) does no t  involve the  thermal s t r u c t u r e  

o r  composition of the atmosphere and i t s  s o l u t i o n s  a r e  e a s i l y  a p p l i c a b l e  

t o  t h e  Mart ian atmosphere. These s o l u t i o n s  a r e  c a l l e d  Hough's f u n c t i o n s  ' 

and have the  form of a s e r i e s  of a s s o c i a t e d  Legendre f u n c t i o n s  of argument 

p = cos 8 .  S p e c i f i c a l l y ,  

where n = 1, 2, 3, .... 
n = s ,  s + 1, s + 2, *... 
v = 1, 3, 5 ,  0 . . *  

v = 2 ,  4, 6, .... 
10 

f o r  s = 0 

f o r  s + 0 

f o r  s = 0 ,  n odd 

f o r  s = 0 ,  n even 

(3- 1) 

I 
i 
I 



v = s , s + 2 ,  S - i - 4 ,  .... f o r  s # 0, ( n  - s)  even 

v = s + 1, S 4- 3, S 4- 5, .... f o r  s # 0, (n - s)  odd 

The de te rmina t ion  of h S and computation of t h e  c o e f f i c i e n t s  C s J v  
1, n 1, n 

f o r  each X, n, s are r a t h e r  time-consuming. S i e b e r t  has  g iven  r e s u l t s  

f o r  modes of o s c i l l a t i o n  t h a t  are of i n t e r e s t  i n  t h e  E a r t h ' s  atmosphere. 

Although t h e s e  w i l l  n o t  be reproduced he re ,  we show as an  example some 

of t he  r e s u l t s  f o r  an  o s c i l l a t i o n  of period one h a l f  a s o l a r  day when 

s = 2, which i s  t h e  primary o s c i l l a t i o n  i n  t h e  E a r t h ' s  atmosphere: 

4 -1 s = 2, X = 2, f = .99727, u = 1.4544 x 10- sec 

= 7.85 km h2,2 n = 2, 

3 2  P8 + . . . a  

2 2 2 O2 = P2 - 0.339 P4 + 0.041 P6 - 2 x 10- 
2,2 

n = 4, h i J 4 =  2.11 km 

2 2 2 O2 = 0.202 P + P2 - 0.819 P6 + 0.24 P: - 0.04 P + O . O o  

234 2 4  10 

From t h e  p r o p e r t i e s  of t h e  Legendre func t ions  and t h e  s p e c i f i c a t i o n s  

of v l i s t e d  under (3-1), i t  i s  apparent  t h a t  Hough's f u n c t i o n s  a r e  sym- 

m e t r i c  about  t h e  equa to r  when ( n  - s) is  even and anti-symmetric when ( n  - s) 

is  odd. Only t h e  f i r s t  two symmetric modes are g iven  above f o r  s = 2 ,  X =  2. 

Usual ly ,  b u t  n o t  always,  t h e  l ead ing  term i n  a Hough's f u n c t i o n  i s  the  one 

f o r  which v = n. For g iven  v a l u e s  of s and X, hS dec reases  as n i n c r e a s e s .  
X,n 

11 



These gene ra l  p r o p e r t i e s  of t he  s o l u t i o n s  w i l l  s u f f i c e  f o r  ou r  f u r t h e r  

d i scuss  ion .  

3.2 LAPLACE'S TIDAL EQUATION, MARTIAN ATMOSPHERE 

For the  Martian atmosphere, we a r e  i n t e r e s t e d  i n  o s c i l l a t i o n s  of 

period one (Martian) s o l a r  day o r  a sub-mult iple  t h e r e o f .  This pe r iod  

e n t e r s  i n t o  Laplace 's  t i d a l  equa t ion  on ly  through t h e  parameter f = (r/2(1). 

By d e f i n i t i o n ,  v = 2 d D  and w = 2n/D 

day and D i s  t h e  l eng th  of a s i d e r e a l  day. Accordingly,  f = (X/2)(D / D I 0  

For our  atmosphere D /D = .99725, while  f o r  Mars D /D = .9985. 

purposes t h i s  i s  a n e g l i g i b l e  d i f f e r e n c e  and we may assume t h a t  t he  

/ 
where D i s  t h e  l eng th  of a s o l a r  

/ / 

/ / 
For our  

Hough's func t ions  f o r  a X-' o s c i l l a t i o n  a r e  the same i n  both atmospheres, 

The equ iva len t  depth corresponding t o  a given mode of o s c i l l a t i o n  

2 2  e n t e r s  on ly  i n  the  f a c t o r  4a (I) /gh . We may assume t h a t  t h i s  f a c t o r  i s  n 

e s s e n t i a l l y  the same i n  the  two atmospheres f o r  a given mode of o s c i l -  
i 

l a t i o n .  Nevertheless ,  va lues  of the equ iva len t  depth hn d i f f e r  appre- 

c i a b l y  because the p l a n e t a r y  cons t an t  a (I) / g  d i f f e r s  between Ea r th  and 2 2  I 

Mars, S p e c i f i c a l l y  

(Earth)  . hS (Mars) = .74 hh ,n  S 

X,n 

I 
I Table 3-1 g ives  va lues  of hS f o r  t he  two p l a n e t s  f o r  some modes of 

1, n I 

o s c i l l a t i o n  t h a t  a r e  of i n t e r e s t .  

12 



, 
TABLE 3-1 

Values of hS f o r  Earth and Mars. 
1, n 

hS (Earth) hS (Mars) 
1, n 1, n 

(W (W 

s = O , A = 2 , n = 2  8.85 6.5 

s = 0 3 1 = 2 , n = 4  2.21 1.6 

s =  1, X =  1, n =  1 0 .63  0.47 

s = 2 , X = 2 , n = 2  7.85 5.8 

s = 2 , X = 2 , n = 4  2.11 1.6 

s = 3 , 1 = 3 , n = 3  12.89 9.5 

s = 3 , 1 = 3 , n = 4  7.66 5.7 
d! 
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3 . 3  THE RADIAL EQUATION, EARTH'S ATMOSPHERE 

Let u s  cons ider  f i r s t  the  homogeneous coun te rpa r t  of (2-6) ,  s i n c e  

i t s  s o l u t i o n  r evea l s  the  atmospheric  e igenvalues  and fur thermore i s  re-  

q u i r e d  i n  the  gene ra l  s o l u t i o n  of  (2-6) .  This i s  

2 

- - -  1 - - ( K  H(x) i- Y n W  = 0 
n 2 4  h d y n  dx 

(3-  2) 

T h i s  equa t ion  i s  t o  be solved s u b j e c t  t o  the  boundary cond i t ion  t h a t  

w = 0 a t  x = 0 ,  w being given by (2-9).  A second boundary c o n d i t i o n  

has been a t t a i n e d  i n  a v a r i e t y  of ways by d i f f e r e n t  au tho r s .  A n a t u r a l  

condi t ion  t o  impose i s  t h a t  the  k i n e t i c  energy of t i d a l  motion per  column 

of u n i t  c r o s s  s e c t i o n  s h a l l  remain f i n i t e .  This  reduces t o  the  mathemat- 

i c a l  express ion  

n n 

(3-  3 )  

However, f o r  c e r t a i n  models of the  v e r t i c a l  temperature  d i s t r i b u t i o n ,  t h i s  

condi t ion  g ives  the  r e s u l t  t h a t  t h e r e  can be no o s c i l l a t i o n s  f o r  va lues  of 

h below some c r i t i c a l  va lue .  This  r e s u l t  i s  no t  v e r i f i e d  by obse rva t ion  

and i s  undoubtedly due t o  the  f a i l u r e  of c e r t a i n  assumptions ( f o r  example, 

neglec t  of h e a t  conduction and non- l inea r  terms) a t  very  h igh  l e v e l s ,  

Therefore i t  i s  customary t o  admit s o l u t i o n s  t h a t  do no t  s a t i s f y  ( 3 - 3 ) s  

n 

but i n s t e a d  g ive  an upward flow of energy (Wilkes, 1949) o r  a zero  v e r t i c a l  I 

flow of energy ( S i e b e r t ,  1961) a t  h igh  l e v e l s .  I 

I 
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I n  t r e a t i n g  Equation (3-21, one must f i r s t  s p e c i f y  a v e r t i c a l  temp- 

e r a t u r e  d i s t r i b u t i o n  t o  d e f i n e  H(x). I n  the  g e n e r a l  ca se ,  (3-2) i s  then 

solved numerical ly .  Func t iona l  s o l u t i o n s  a r e  p o s s i b l e  f o r  an i so the rma l  

atmosphere o r  f o r  an atmosphere wi th  l i n e a r  l a p s e  r a t e  o r  f o r  a s p e c i a l  

exponen t i a l  atmosphere t o  be desc r ibed  l a t e r .  

The h i s t o r y  of s t u d i e s  of (3-2) i s  of cons ide rab le  i n t e r e s t  and has 

important  imp l i ca t ions  f o r  a s tudy of the Mart ian atmosphere. Peke r i s  

(1937) f i r s t  pointed o u t  t h a t  f o r  a v e r t i c a l  temperature  d i s t r i b u t i o n  

t h a t  appeared reasonable  a t  t h e  time our  atmosphere might have two eigen- 

v a l u e s ,  one nea r  10 km and ano the r  near  8 km. The f i r s t  had been i n f e r r e d  

by Taylor (1929) from the  observed v e l o c i t y  of propagat ion of t h e  p r e s s u r e  

wave generated by the  Krakatoa e r u p t i o n .  The second agreed c l o s e l y  enough 

2 w i th  the  e q u i v a l e n t  depth f o r  t he  0 o s c i l l a t i o n  t o  sugges t  a ve ry  im- 
2,2 

p o r t a n t  resonance e f f e c t .  Weekes and Wilkes (1947) ( s e e  a l s o  Wilkes, 

1949) pursued t h i s  idea wi th  more extensive computations.  They a l s o  

po in ted  o u t  t h a t  t h e  eigenvalue of about 10 km i s  a s s o c i a t e d  wi th  t h e  

temperature  d i s t r i b u t i o n  i n  the  upper troposphere and lower s t r a t o s p h e r e  

and i s  l i t t l e  a f f e c t e d  by cond i t ions  a t  h ighe r  l e v e l s .  

va lue  of about  8 km i s  a s s o c i a t e d  w i t h  the temperature  d i s t r i b u t i o n  i n  t h e  

upper s t r a t o s p h e r e  and mesosphere. Figure 1 shows, a f t e r  Wilkes (19491, 

some v e r t i c a l  d i s t r i b u t i o n s  of temperature t h a t  would e x p l a i n  the  ob- 

served 0 o s c i l l a t i o n  a s  an  o s c i l l a t i o n  fo rced  t o  a n  important  degree 

by t h e  s o l a r  g r a v i t a t i o n a l  t i d a l  f o r c e  and magnified by resonance,  

The second eigen- 

2 
292 
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V e r t i c a l  d i s t r i b u t i o n s  of t empera tu re  i n  our  a tmosphere t h a t  
would p rov ide  s u f f i c i e n t  r e sonance  t o  e x p l a i n  t h e  s o l a r  semi- 
d i u r n a l  t i d e  a s  a g r a v i t a t i o n a l  o s c i l l a t i o n .  Any p r o f i l e  of 
t h e  form A B C D' E '  F '  G (where D' l i e s  between C and D, E '  
l i e s  v e r t i c a l l y  above i t  on t h e  i n d i c a t e d  cu rve ,  and F '  l i e s  
between F and G )  would s u f f i c e .  ( A f t e r  Wilkes ,  1949).  
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The t r o u b l e  wi th  t h i s  a t t r a c t i v e  explana t ion ,  which was widely 

accepted i n  1950, i s  t h a t  temperature da ta  obta ined  w i t h  t h e  use of 

rocke t s  i n  r e c e n t  yea r s  f a i l  t o  v e r i f y  t h e  r equ i r ed  temperature  d i s t r i -  

bu t ion .  

(1955) show t h a t  our  atmosphere wi th  i t s  observed temperature  d i s t r i b u -  

t i o n  does no t  amplify the  s o l a r  g r a v i t a t i o n a l  t i d e  t o  anywhere nea r  

t he  degree r equ i r ed  by observa t ion .  

Computations by Jacch ia  and Kopal (1952) and by Sen and White 

2 
292 

I n  t h i s  s i t u a t i o n ,  t h e  exp lana t ion  of t he  r e l a t i v e l y  l a r g e  8 

o s c i l l a t i o n  has been sought i n  terms of a thermal t i d e ,  d r iven  by p e r i -  

od ic  h e a t i n g  of t he  atmosphere and r equ i r ing  on ly  a moderate amount of 

a m p l i f i c a t i o n .  Mathematical ly ,  this r equ i r e s  a d e s c r i p t i o n  of  t h e  hea t -  

ing  f u n c t i o n  i n  terms of J t h a t  appears  i n  Equat ion (2-6).  The gene ra l  

s o l u t i o n  of (2-6) then inc ludes  a p a r t i c u l a r  s o l u t i o n  a s  w e l l  a s  t h e  

s o l u t i o n s  of  t he  homogeneous Equat ion (3-2). I n  t h e  gene ra l  ca se ,  t he  

e n t i r e  s o l u t i o n  may be obta ined  numerical ly .  

n 

Various h e a t i n g  models have inc luded  su r face  hea t ing  communicated 

t o  t h e  atmosphere by eddy conduct ion (Sen and White, 1955), a b s o r p t i o n  of 

s o l a r  r a d i a t i o n  by water  vapor  ( S i e b e r t ,  1961) and abso rp t ion  of s o l a r  

r a d i a t i o n  by ozone (Bu t l e r  and Small ,  1963). Although s e r i o u s  problems 

are involved i n  s p e c i f y i n g  t h e  h e a t i n g  func t ions ,  t h e s e  mechanisms appear 

t o  be capable  of exp la in ing  t h e  magnitudes of  t h e  observed t i d e s .  

seem q u i t e  l i k e l y  t h a t  a s a t i s f a c t o r y  explana t ion  i s  p r e s e n t l y  evolv ing  

a long  t h e s e  l i n e s .  

It 

17  



3 . 4  THE RADIAL EQUATION, MARTIAN ATMOSPHERE 

I n  applying t i d a l  theory to  the  Mart ian atmosphere,  one i s  faced  

f i r s t  of a l l  wi th  the  problem of  e s t i m a t i n g  a v e r t i c a l  temperature  d i s t r i -  

but ion.  Na tu ra l ly ,  t h e r e  i s  a g r e a t  d e a l  of u n c e r t a i n t y  about  t h i s  f a c t o r .  

However, va r ious  e s t ima tes  have been made on t h e  b a s i s  of  r a d i a t i v e  con- 

s i d e r a t i o n s .  Unless the  composition of  t he  Mart ian atmosphere i s  consider-  

ably d i f f e r e n t  than i s  p r e s e n t l y  i n f e r r e d ,  e s p e c i a l l y  i n  amounts of carbon 

dioxide,  water  vapor ,  and ozone (o r  by conta in ing  an unsuspected c o n s t i t -  

uent t h a t  i s  r a d i a t i v e l y  a c t i v e ) ,  t hese  e s t ima tes  must e s t a b l i s h  the  

broad o u t l i n e s  of  t he  d i s t r i b u t i o n .  A r ecen t  temperature  p r o f i l e  prepared 

by Rasool (1963) i s  shown i n  F igure  2 ,  being a composite of e s t i m a t e s  by 

Arking (1962) and Chamberlain (1962).  

On the  b a s i s  of ou r  experience wi th  the  t e r r e s t r i a l  atmosphere,  we  

should expec t  t o  f i n d  an eigenvalue a s s o c i a t e d  wi th  the  temperature  decrease  

i n  t h e  t roposphere and t h e  low temperature  i n  the  s t r a t o s p h e r e .  Another 

might be a s s o c i a t e d  w i t h  the  r a t h e r  s t e e p  l apse  r a t e  j u s t  above 100 km and 

the temperature minimum a t  t he  mesopause. However, a rguing  aga in  on the  

bas i s  of ou r  t e r r e s t r i a l  exper ience ,  we could expec t  t he  l a t t e r  t o  depend 

r a t h e r  c r i t i c a l l y  on t h e  d e t a i l s  of t he  , temperature d i s t r i b u t i o n  nea r  t he  

mesopause and these  a r e  c e r t a i n l y  n o t  known. 

For a f i r s t  a p p r a i s a l  of t h e  Mart ian t i d a l  problem, i t  would seem 

reasonable  to  cons ide r  on ly  the  e f fec ts  of  t h e  t roposphere and s t r a t o s p h e r e ,  

which i n  our  atmosphere g ive  r ise  t o  t h e  eigenvalue of  about  10 km. For 
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t h i s  f i r s t  a p p r a i s a l ,  and e s p e c i a l l y  i n  view of t he  l a r g e  degree of uncer- 

t a i n t y  about t h e  a c t u a l  Mart ian temperature d i s t r i b u t i o n )  i t  i s  a l s o  

reasonable t o  use a r a t h e r  s imple model t h a t  i s  capable  of y i e l d i n g  ana- 

l y t i c  s o l u t i o n s .  I n  t h i s  way t h e  e f f e c t s  of va ry ing  environmental  para- 

meters can be e a s i l y  s t u d i e d .  

Such a simple model i s  a v a i l a b l e  ( S i e b e r t ,  1961) i n  the  form of a 

s p e c i a l  exponen t i a l  temperature d i s t r i b u t i o n .  S p e c i f i c a l l y ,  l e t  

i n  which T (0) and T (Q)) a r e  a d j u s t a b l e  c o n s t a n t s  which correspond i n  the  

model t o  s u r f a c e  temperature and temperature of t h e  i so the rma l  top .  This 

d i s t r i b u t i o n  makes i t  p o s s i b l e  t o  d e r i v e  r e l a t i v e l y  simple expres s ions  f o r  

the s tudy  of a l l  r e l e v a n t  t i d a l  problems. 

0 0 

Figure 3 shows a few of  the  e s t i m a t e s  t h a t  have been made of  t h e  

v e r t i c a l  temperature d i s t r i b u t i o n  i n  t h e  lowest 40 km of  t h e  Mart ian atmos- 

phere. F igu re  3 a l s o  shows t h r e e  v e r t i c a l  d i s t r i b u t i o n s  of temperature 

according t o  ( 3 - 4 )  f o r  To(o)  = 230'K and To(m) = 160'K and 80'K. 

f u r t h e r  o r i e n t a t i o n )  F igu re  4 shows t h e  temperature  d i s t r i b u t i o n  i n  the  

t e r r e s t r i a l  t roposphere and s t r a t o s p h e r e  and a r e p r e s e n t a t i o n  of i t  by 

( 3 - 4 ) .  I n  t h e  case  of  o u r  atmosphere t h i s  r e p r e s e n t a t i o n  i s  adequate  t o  

desc r ibe  the resonance c h a r a c t e r i s t i c s  a s s o c i a t e d  wi th  the  e igenva lue  o f  

For  

about 10 km. We should expec t  t h a t  t h e  same w i l l  be t r u e  i n  t h e  Mart ian 

atmosphere, a s  long a s  t h i s  e igenva lue  does n o t  need t o  be v e r y  a c c u r a t e l y  

known. 

I 

I 
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Figure  3 .  P o s s i b l e  v e r t i c a l  d i s t r i b u t i o n s  of temperature i n  the lowest 
40 krn of t h e  Martian atmosphere. F u l l  curves  show e s t i m a t e s  
by: A ,  Ohring ( 1 9 6 3 ) ;  B ,  Rasool  ( 1 9 6 3 ) ;  C ,  Goody ( 1 9 5 7 ) .  
Dashed curves  show r e p r e s e n t a t i o n  by model atmosphere with  
T ( 0 )  = 230°K and: A ' ,  To(-) = 160°K; B', To(-) = 120°K; C ' ,  
T," = 80°K. 
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Figure 4 .  V e r t i c a l  d i s t r i b u t i o n  of temperature i n  t h e  E a r t h ' s  atmosphere 
according t o  rocket  measurements (curve marked V-2) and as re-  

atmospheric e igenvalue.  (Af te r  S i e b e r t ,  1961). I 
presented by model atmosphere l ead ing  t o  e s s e n t i a l l y  t h e  same 1 
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The e igenvalue  of the  Martian atmosphere f o r  a temperature d i s t r i -  

bu t ion  l i k e  (3-4) i s  e a s i l y  determined. S u b s t i t u t i n g  (3-4) i n  (3-2) 

g ives  

q 1 -  d2Y 4KH hn (m) ] y n = O .  
dx 2 4  (3- 5) 

Assuming f o r  t he  moment t h a t  h > 4~H(w) we note  t h a t  t he  s o l u t i o n  t h a t  

s a t i s f i e s  t he  upper boundary cond i t ion  (3-3) i s  

n 

I 1 

A t  t he  lower boundary, se t  w = 0 ,  us ing  fo r  w t h e  express ion  (2-9) wi th  

$2 = 0. This  impl ies  a f r e e  o s c i l l a t i o n  f o r  which h i s  an e igenvalue  h .  

The r e s u l t  i s  

n n 
h 

n n 

(3-7) 

h 

Note from t h i s  s o l u t i o n  t h a t  h > 4KH(w) i f  H ( o )  > KH(m), which i s  t r u e  

f o r  a l l  t h e  atmospheres we s h a l l  cons ider .  

I f ,  a s  i s  g e n e r a l l y  assumed, t h e  Martian atmosphere i s  predominantly 

n i t r o g e n ,  then  i t s  mean molecular  weight i s  s l i g h t l y  l e s s  and i t s  s p e c i f i c  

h e a t s  ( p e r  u n i t  mass) s l i g h t l y  g r e a t e r  than those  of our  atmosphere. How- 

eve r ,  w e  s h a l l  assume throughout t h a t  R/m, c and c have the  same va lues  

i n  the  two atmospheres.  The a c c e l e r a t i o n  of g r a v i t y  i s  known t o  be 

P V 
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2 - 2  cons iderably  l e s s  on Mars and we use t h e  va lue  3 . 8  x 10 cm sec 

Table 3-2 g ives  some e igenvalues  f o r  t h e  Mar t ian  atmosphere when i t s  

temperature d i s t r i b u t i o n  i s  r ep resen ted  by (3-4) and v a r i o u s  va lues  of 

To(o) and TO(w) a r e  assumed. 

One sees  immediately t h a t ,  owing t o  t h e  smal l  va lue  of  g on Mars, 

these a r e  l a r g e r  than  t h e i r  t e r r e s t r i a l  c c u n t e r p a r t ,  which i s  about  

10 km. We noted e a r l i e r  (Table 3-1) t h a t  t h e  e q u i v a l e n t  depths  of t h e  

pe r iod ic  o s c i l l a t i o n s  a r e  s m a l l e r  than  t h e i r  t e r r e s t r i a l  c o u n t e r p a r t s .  

We can draw two conclus ions  from these  p re l imina ry  r e s u l t s  be fo re  going 

on t o  more d e t a i l e d  cons ide ra t ions :  

(1) Resonance e f f e c t s  due t o  t h i s  e igenvalue  a r e  smaller i n  the  

Martian atmosphere than  i n  E a r t h ' s .  

(2)  The exac t  v e r t i c a l  temperature  d i s t r i b u t i o n  assumed f o r  t he  

Martian t roposphere and lower s t r a t o s p h e r e  i s  n o t  a c r i t i c a l  f a c t o r  i n  

order-of-magnitude t i d a l  s t u d i e s .  This  i s  because t h e  o s c i l l a t i o n s  of  

i n t e r e s t  have per iods  so f a r  removed from t h e  probable  f r e e  pe r iod  of t h e  

atmosphere t h a t  t h e i r  behavior  i s  n o t  ve ry  s e n s i t i v e  t o  the  e x a c t  va lue  

of t h a t  f r e e  per iod .  

It i s  important  t o  no te  a g a i n  f o r  emphasis t h a t  t h e  above conclus ions  I 
r e f e r  t o  a s i m p l i f i e d  temperature  d i s t r i b u t i o n  capable  of e x h i b i t i n g  on ly  

~ 

one e igenvalue .  Should t h e  temperature  d i s t r i b u t i o n  a t  h igh  l e v e l s  over  1 
I 

Mars be such t h a t  a second e igenvalue  appears ,  they  would n o t  n e c e s s a r i l y  
I 

apply to t h i s  second e igenvalue .  A b e t t e r  knowledge of  t h e  Mar t ian  tem-  

pe ra tu re  d i s t r i b u t i o n  a s  w e l l  a s  more e l a b o r a t e  computations would be re- 

quired t o  t e s t  t h i s  p o s s i b i l i t y .  
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TABLE 3-2 

Values of the atmospheric eigenvalue (in km) for the model 
Martian atmosphere and various values of T ( 0 )  and T ( 0 0 )  

0 0 

250°K 

230°K 

210°K 

160'K 120°K 80°K 

23.2 22.0 20.9 

21.8 20.5 19..4 

20.4 19.0 17.9 
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S E C T I O N  4 

THE AMPLITUDES OF T I D A L  O S C I L L A T I O N S  
I N  THE MARTIAN ATMOSPHERE 

4 . 1  THE SOLAR GRAVITATIONAL T I D E  

The s o l a r  g r a v i t a t i o n a l  t i d e  i n  the  Mar t ian  atmosphere must be 

completely i n s i g n i f i c a n t  un le s s  t h e r e  i s  a h igh  degree of resonance f o r  

one of the  o s c i l l a t i o n s .  We have a l r e a d y  noted above t h a t  such resonance 

i s  not t o  be expected from the  p r i n c i p a l  a tmospheric  e igenvalue .  The 

purpose of  t h e  p re sen t  d i s c u s s i o n  i s  t o  make these  a s s e r t i o n s  more quan- 

t i  t a t  i ve  

With Jn = 0 ,  (3-6) i s  a s o l u t i o n  of ( 2 - 6 )  t h a t  s a t i s f i e s  t he  upper 

boundary cond i t ion  ( 3 - 3 )  when h > 4KH(W).  For  hn < 4KH(W),  ( 3 - 3 )  

cannot be  s a t i s f i e d .  Following S i e b e r t ,  w e  t ake  a s  a s o l u t i o n  i n  t h i s  

case  

n 

where 

n 
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This s o l u t i o n  g ives  zero v e r t i c a l  flow of  energy a t  high l e v e l s  and pro- 

v ides  c o n t i n u i t y  a t  t he  p o i n t  i n  the resonance curve ( t o  be def ined 

below) where the  two s o l u t i o n s  ( 3 - 6 )  and (4-1) j o i n .  

App l i ca t ion  of t he  lower boundary cond i t ion  al lows the A i n  e i t h e r  n 

( 3 - 6 )  o r  (4-1) t o  be determined. The r e s u l t  may be w r i t t e n  

where 

f o r  h > 4~H(m) n 

A convenient way t o  d e s c r i b e  a t i d a l  o s c i l l a t i o n  i s  i n  terms of t he  

p re s su re  o s c i l l a t i o n  a t  t he  ground. I can be shown from (2-9) and (2-10) 

t h a t  

Therefore  i n  t h e  p re sen t  ca se ,  
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The "equi l ibr ium t i d e "  

- p,(o) Rn(o) .  

t ha t  f i n a l l y  appears  i n  the  atmosphere.  I f  M r e p r e s e n t s  t he  resonance 

e f f e c t  

6pn(o) i s  g iven  by the  f i r s t  term of (2-10) a s  

This  i s  used a s  a u n i t  t o  express  the  p re s su re  o s c i l l a t i o n  

n 

A p l o t  of Mn a s  a func t ion  of  h 

of such a curve,  which would show s t r o n g  magn i f i ca t ion  on ly  nea r  20 km 

f o r  t h e  p re sen t  simple model, Table 4-1 g ives  the  va lues  of M f o r  o s c i l -  

l a t i o n s  whose equ iva len t  depths  a r e  l i s t e d  i n  Table 3-1. For  t h i s  purpose,  

we take  To(o) = 230'K and To(m) = 120'K; but  o t h e r  choices  w i t h i n  what 

appear t o  be reasonable  l i m i t s  would make no apprec iab le  d i f f e r e n c e  i n  

the r e s u l t s ,  The magn i f i ca t ion  f a c t o r  i s  nea r  1 f o r  a l l  o s c i l l a t i o n s .  

I n  t h e  e a r t h ' s  atmosphere corresponding va lues  f o r  t h e  l u n a r  t i d e s  a r e  of  

the same magnitude (al though somewhat l a r g e r ) ;  and t h a t  t i d e ,  involv ing  

much g r e a t e r  g r a v i t a t i o n a l  f o r c e  than  t h e  s o l a r  t i d e  on Mars, i s  on ly  

ba re ly  d e t e c t a b l e .  I t  i s  t h e r e f o r e  c l ea r ,  a s  a n t i c i p a t e d ,  t h a t  a no t ice-  

ab le  Mar t ian  t i d e ,  i f  t he re  i s  any,  must be thermal ly  dr iven .  

i s  c a l l e d  a resonance curve.  I n  p l a c e  
n 

n 

4.2 THE THERMAL TIDE, SURFACE HEATING 

To s tudy  t h e  thermal t i d e  due t o  s u r f a c e  h e a t i n g  of Mars, we f i r s t  I 

express  the  h e a t i n g  f u n c t i o n  J i n  terms of t he  temperature  v a r i a t i o n  by 
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TABLE 4-1 

Amplitude o f  the gravitat ional  surface pressure o s c i l l a t i o n  on 
Mars f o r  model atmosphere with T ( 0 )  = 230°K and T (EQ) = 120°K 

0 0 

s = 0 ,  X = 2, n = 2 

s = O , X = 2 , n = 4  

s =  1, h = l ,  n =  1 

s =  2 ,  X =  2 ,  n =  2 

s = 2 , X = 2 , n = 4  

s = 3 , A = 3 , n = 3  

s = 3 , 1 = 3 , n = 4  

6 . 5  

1.6 

0.47 

5 . 8  

1 .6  

9 . 5  

5 . 7  

1 .0  

0 . 9 4  

0 . 9 6  

1 .0  

0 . 9 4  

1 . 2  

1 .0  
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where T i s  t h a t  p a r t  o f  t he  observed temperature  v a r i a t i o n  due t o  t h e  

hea t ing ,  That i s ,  i t  does no t  i nc lude  a d i a b a t i c  temperature  changes t h a t  

might be a s s o c i a t e d  wi th  a r e s u l t i n g  t i d a l  o s c i l l a t i o n ,  For our  purposes ,  

t he  d i s t i n c t i o n  i s  unimportant.  

I f  we w r i t e  T a s  

then 

(4-  9 )  

Let  us  assume, as i s  customary i n  s t u d i e s  o f  t he  E a r t h ' s  atmosphere, 

t h a t  the  d i u r n a l  v a r i a t i o n  of temperature a t  t h e  s u r f a c e  i s  known and t h a t  

t he  temperature v a r i a t i o n  a t  h ighe r  l e v e l s  r e s u l t s  from a v e r t i c a l  t r ans -  

f e r  of  h e a t  by eddy conduct ion.  Thus 

which w i t h  ( 4 - 9 )  g i v e s  the  d i f f e r e n t i a l  equat ion  

(4- 11) 
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c 

Here K i s  a c o e f f i c i e n t  of eddy conduction which w i l l  be assumed cons t an t .  

mis i s  a r a t h e r  crude assumption, but  should s u f f i c e  t o  g ive  answers 

w i t h  the  c o r r e c t  o r d e r  of magnitude. The s o l u t i o n  of ( 4 - l l ) ,  w i t h  appro- 

p r i a t e  boundary c o n d i t i o n s ,  i s  

?n(z) = ~ ~ ( 0 )  exp [- kz/H(o) ] 

where 

k = H(o) exp(ni14) 

I n  Equation ( 2 - 6 )  i t  i s  necessary t o  express  J a s  a f u n c t i o n  of x n 

and no t  z .  I n  the p r e s e n t  model atmosphere, 

Since K < 1 and f o r  t h e  p a r t  of t h e  atmosphere t h a t  i s  heated by the  

ground x << 1, we can w r i t e  exp(-Kx) = 1 - KX a,nd i t  fol lows t h a t  
‘v 

zn(x) = T,(o) exp(-kx) . 

Therefore  according t o  ( 4 - 9 ) ,  t he  appropr i a t e  h e a t i n g  f u n c t i o n  i s  

iuR 
J n (XI = - rnc ~ ~ ( 0 )  exp(-kx) (4- 13) 
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I n s e r t i n g  (4-13) i n  (2-6) g ives  f i n a l l y  

The homogeneous p a r t  of t h e  s o l u t i o n  of  (4-14) has  a l r e a d y  been g iven  

by (3-6) o r  ( 4 - l ) o  A p a r t i c u l a r  s o l u t i o n  i s  

1 ly ( 1  + 2k)x 
'n 

where 

i c J  H ( o )  ~ ~ ( 0 )  
B =  n y To(o) [ ( l  + k)kh + K H ( m ) ]  ' n 

(4- 1.5) 

(4- 16) 

I t  i s  next  necessary  t o  determine t h e  cons t an t  A by a p p l i c a t i o n  of 

the boundary cond i t ion  a t  t h e  ground. When t h i s  i s  done and t h e  g e n e r a l  

s o l u t i o n  i s  used t o  determine 6p  ( o ) ,  one o b t a i n s  

n 

n 

For computat ional  purposes ,  t h i s  can be s i m p l i f i e d  cons iderably .  For  

a l l  s i t u a t i o n s  t h a t  w i l l  be i n v e s t i g a t e d  k >> 1, 2k >> bn, and k'h >> 

K H(w) ,  so  t h a t  

n 
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For a l l  o s c i l l a t i o n s  l i s t e d  i n  Table 4-1, and f o r  any va lues  of H(o) 

and H(=) t h a t  appear  reasonable ,  t he  f a c t o r  i n  square  b racke t s  i n  the  

denominator of (4-18) has a va lue  i n  the  neighborhood of 30-40 km. There 

i s  t h e r e f o r e  no p r e f e r e n t i a l  e x c i t a t i o n  of a p a r t i c u l a r  per iod  and one 

would expec t  t he  d i u r n a l  o s c i l l a t i o n  t o  predominate simply because the  

ampli tude of t he  d i u r n a l  temperature  o s c i l l a t i o n  i s  i n  a l l  l i k e l i h o o d  

l a r g e r  than  t h a t  of  t he  semi-d iurna l ,  t e r - d i u r n a l ,  e t c .  For t h i s  o s c i l -  

l a t i o n ,  u = 7 x 10 s e c  . 
l a r g e  average va lue  of K f o r  ou r  atmosphere, one g e t s  from (4-18) the  

approximate r e  l a t i o n  

cv - 5  -1 5 2  Taking K = 10 cm s e c - l ,  which would be a r a t h e r  

(4- 19) 

For example, i f  t h e  ampli tude of t he  d i u r n a l  temperature  v a r i a t i o n  

near  t h e  equator  and a t  t h e  ground i s  30°C (Ohring, Tang, and DeSanto, 1962), 

then  Gpn(o)/po(o) = 1/600 which g ives  6pn(o) = 0.1  t o  0 .2  mb f o r  the  gener- 

a l l y  accepted s u r f a c e  p re s su re  of something nea r  100 mb. 

cy cv 

R e l a t i v e  t o  s u r f a c e  p re s su re ,  t h i s  amplitude of t h e  d i u r n a l  p re s su re  

o s c i l l a t i o n  on Mars i s  of the  same o rde r  of magnitude as t he  ampli tude of 

the  observed semi-d iurna l  o s c i l l a t i o n  on Earth.  It  is  smal l  enough t o  
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i n d i c a t e  t h a t  a thermal t i d e  on Mars d r i v e n  by s u r f a c e  h e a t i n g  i s  n o t  an  

important f a c t o r  i n  the  c i r c u l a t i o n  of  t h a t  p l a n e t .  It i s  u n l i k e l y  t h a t  

t he  e s t ima tes  of T ( o ) ,  K, and the  denominator of  (4-18) which l ead  t o  t h i s  

conclusion a r e  s u f f i c i e n t l y  i n a c c u r a t e  t o  i n v a l i d a t e  t h i s  gene ra l  r e s u l t ,  

It  might, however, be i n c o r r e c t  i f  t h e  temperature  d i s t r i b u t i o n  on Mars 

were such a s  t o  g ive  a second atmospheric  e igenvalue  r a t h e r  c l o s e  t o  one 

of  t h e  equ iva len t  depths  l i s t e d  i n  Table 3-1, 

n 

4.3 THE THERMAL T I D E ,  ATMOSPHERIC ABSORPTION 

There i s  every  i n d i c a t i o n  t h a t  t h e  observed s o l a r  t i d e  i n  ou r  atmos- 

phere is d r iven  p r i n c i p a l l y  by h e a t i n g  of the  atmosphere caused by absorp- 

t i o n  of s o l a r  r a d i a t i o n  by water  vapor ( S i e b e r t ,  1961) o r  by ozone ( B u t l e r  

and Small ,  1963).  Although the  ampli tude of  t hese  thermal e f f e c t s  i s  smal l  

r e l a t i v e  t o  temperature  v a r i a t i o n s  nea r  t he  s u r f a c e ,  t he  l a t t e r  extend on ly  

through the  lowest s e v e r a l  hundred meters  o f  t h e  atmosphere and thus have 

l e s s  e f f e c t .  

U n t i l  t he  composition of  the  Mar t ian  atmosphere i s  known wi th  more 

r e l i a b i l i t y ,  i t  i s  n o t  p o s s i b l e  t o  draw conclus ions  about  d i r e c t  s o l a r  

heating.. Water vapor and ozone a r e  known t o  be less  abundant t han  i n  ou r  

atmosphere (Ohring, 1963),  b u t  on ly  reasonable  upper l i m i t s  can be spec- 

i f i e d .  The p resen t  s tudy  of  t h i s  e f f e c t  w i l l  be conf ined  t o  the  discus-,  

s ion  of a s o l u t i o n  g iven  by S i e b e r t  f o r  a temperature  v a r i a t i o n  whose 

v e r t i c a l  d i s t r i b u t i o n  i s  unspec i f i ed ,  
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With the h z l p  of ( k - 9 1 ,  

model atmosphere being considered,  

the  r a d i a l  equat ion ( 2 - 6 )  becomes, f o r  t he  

where 

A s  before  t h e  homogeneous p a r t  of t h e  s o l u t i o n  of  (4-20) is given  by ( 3 - 6 )  

o r  (4-1)a  

r e s p e c t i v e l y  and s a t i s f y i n g  t h e  upper boundary cond i t ion  a r e :  

Complete s o l u t i o n s  of (4-20) corresponding t o  ( 3 - 6 )  and (4-1) 

(4- 21) 

cy cy cy 

exp (- x/ 2) Tndx = 
'nx cos - 2 -+ s i n  - s i n  - ( 'nx Y,(x) = A COS - 

2 n 2 
W 

1 
cy cv 

'nx s i n  - exp(-x/2) T dx 'nx ,f 
2 n 

- cos - 2 
J W 
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The a r b i t r a r y  cons t an t  A can be determined from t h e  lower boundary n 

condi t ion ,  and t h e  expres s ion  f o r  the  ampli tude of t h e  s u r f a c e  p r e s s u r e  

o s c i l l a t i o n  i s  

where 

fn (x>  = exp(-pnx/2j , f o r  hn > 4ri H(m) 

f o r  hn < 4~ H(w) 

(4- 23 j 

For t h e  o s c i l l a t i o n s  t h a t  a r e  l i k e l y  t o  be impor tan t  and f o r  reason- 

ab le  va lues  of  H(o) and H(w), t h e  f a c t o r  2H(o)/[2 H(o) - h n ( l  + bn> ] i s  

of o r d e r  of  magnitude 1. Therefore  the  equa t ion  analogous t o  (4-19) i s  

The i n t e g r a l  r e p r e s e n t s  t h e  c o n t r i b u t i o n s  o f  temperature  v a r i a t i o n s  

caused by d i a b a t i c  processes  a t  a l l  levels ,  weighted i n  a c e r t a i n  way 

t h a t  depends on t h e  p a r t i c u l a r  model atmosphere and o s c i l l a t i o n  under 
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c o n s i d e r a t i o n .  Although a numerical  a p p l i c a t i o n  of (4-24) t o  t he  Mar t ian  

atmosphere i s  probably u n j u s t i f i e d  a t  p resent  by ou r  l ack  of knowledge of 

t h e  temperature  v a r i a t i o n ,  neve r the l e s s  the v e r t i c a l  v a r i a t i o n  of t h e  

weight ing f u n c t i o n  f (x) exp(-x/2) f o r  var ious  o s c i l l a t i o n s  i s  of some 

i n t e r e s t .  F igu re  5 shows t h i s  f o r  t h e  and O2 o s c i l l a t i o n s  ( f o r  

t he  model atmosphere wi th  T ( 0 )  = 230'K and To(m) = 120'K) 

n 

1 J 1  222 

0 

Of s p e c i a l  i n t e r e s t  i s  t h e  behavior  of f (x) exp(-x/2) f o r  X = 1, 

s = 1, n = 1. This f u n c t i o n  changes s i g n  a t  about  1 7  km and aga in  a t  about  

n 

37 km. This behavior  i n d i c a t e s  q u a l i t a t i v e l y  t h a t  i f  h e a t i n g  took p l ace  

throughout a deep l a y e r  of  t h e  Mart ian atmosphere, a s  might conceivably 

happen i f  ozone is  p resen t  (Ohring and Cote, 1963), then  i t s  e f f e c t  i n  

e x c i t i n g  t h e  o s c i l l a t i o n  would be i n h i b i t e d  by the  r e s u l t i n g  cancel-  

/ 

1 3 1  
2 
2,2 

l a t i o n  e f f e c t .  On the  o t h e r  hand, t h e  weighting f a c t o r  f o r  t he  0 

o s c i l l a t i o n  r e t a i n s  the  same s i g n  t o  over  50 km; and i f  t h e r e  were an 

apprec i ab le  va lue  of r2 through a deep l aye r  of t h e  atmosphere the  semi- 
232 

d i u r n a l  o s c i l l a t i o n  might be p r e f e r e n t i a l l y  e x c i t e d .  Although the  d e t a i l s  

a r e  d i f f e r e n t  i n  o u r  atmosphere, t h i s  i s  the s o r t  of exp lana t ion  t h a t  i s  

c u r r e n t l y  emerging f o r  t h e  r e l a t i v e l y  l a rge  0 

sphere  ( B u t l e r  and Small, 1963). 

2 o s c i l l a t i o n  i n  ou r  atmos- 
2 ,2  

An order-of-magnitude assessment of the e f f e c t  of a tmospheric  h e a t i n g  

may be ob ta ined  by assuming t h a t  T (x) has  some cons t an t  va lue  i n  the  n 

r eg ion  between the  ground and an upper l e v e l  x .  Then f o r  t he  s o l u t i o n  

g iven  by (4-22) ,  which must be used f o r  a l l  t h e  o s c i l l a t i o n s  l i s t e d  i n  
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F i g u r e  5. V a r i a t i o n  w i t h  a l t i t u d e  o f  t h e  w e i g h t i n g  f a c t o r  f o r  t h e  h e a t i n g  
f u n c t i o n .  F u l l  c u r v e  i s  tlic w e i g h t i n g  f u n c t i o n  f o r  a d i u r n a l  
o s c i l l a t i o n ,  A = 1, s = 1, n = 1. Dashed c u r v e  i s  t h e  w e i g h t i n g  
f u n c t i o n  f o r  a seuni -d iurna l  o s c i l l a t i o n ,  A = 2 ,  s = 2 ,  n = 2 .  
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Table 3-1 when T ( 0 0 )  has  reasonable  va lues ,  
0 

N 

- (Zn + 1) cos  2 'nx 

N 

For To(-) = 120°K, $ = 4.63 f o r  X = 1, s = 1, n = 1; p = .90 f o r  X = 2 ,  

s = 2, n = 2; and p = .33 f o r  X = 3, s = 3, n = 3. I f  t h e  second term 

i n  (4-25) i s  neglec ted ,  s i n c e  it can hard ly  change the  o r d e r  of magnitude 

of t h e  e f f e c t ,  (4-24) g ives  

n n 
N 

n 

f o r  X = 1, s = 1, n = 1 

c 

f o r X = 2 ,  s = 2 ,  n = 2  

f o r  A =  3 ,  s =  3, n =  3 
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Although these  r e l a t i o n s h i p s  r e p r e s e n t  ve ry  crude approximations 

they show when compared w i t h  (4-19) t h a t  a temperature o s c i l l a t i o n  

d i s t r i b u t e d  evenly through t h e  v e r t i c a l  e x t e n t  of t h e  atmosphere i s  

seve ra l  tens  o r  a few hundred t imes a s  e f f e c t i v e  i n  inducing a t i d a l  

o s c i l l a t i o n  of s u r f a c e  p r e s s u r e  a s  i s  a s u r f a c e  temperature o s c i l l a t i o n  

whose e f f e c t s  a r e  spread upward by eddy conduc t iv i ty .  I f  t h e  former 

had an amplitude nea r  t he  equa to r  of a s  much a s  1/2OC, i t  would be com- 

p e t i t i v e  with t h j  l a t t e r .  
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SECTION 5 

SUMMARY AND CONCLUSIONS 

This r e p o r t  has  reviewed the  elements of t i d a l  theory  a s  developed 

f o r  t he  E a r t h ' s  atmosphere and d iscussed  the a p p l i c a t i o n  of t h i s  theory  

t o  t h e  Mart ian atmosphere. This theory  leads t o  two o rd ina ry  d i f f e r e n -  

t i a l  equa t ions ,  Laplace ' s  t i d a l  equat ion  and  t h e  r a d i a l  equat ion .  Both 

c o n t a i n  a cons t an t  h ,  which a r i s e s  i n  the  s e p a r a t i o n  of v a r i a b l e s  i n  an 

e a r l i e r  p a r t i a l  d i f f e r e n t i a l  equat ion .  

I n  the  s tudy  of t i d a l  o s c i l l a t i o n s ,  one f i r s t  s p e c i f i e s  a per iod  

which is  equal  t o  o r  a submul t ip le  of t he  s o l a r  day ( i n  ou r  atmosphere 

one i s  a l s o  i n t e r e s t e d  i n  per iods  s i m i l a r l y  r e l a t e d  t o  the  luna r  day, 

bu t  t h i s  has  no a p p l i c a t i o n  t o  Mars). For  the  s p e c i f i e d  pe r iod  and a 

I s p e c i f i e d  wave number, Laplace ' s  t i d a l  equat ion  has  a s e r i e s  of  s o l u t i o n s  

, 
I i n  t he  form of Hough's f u n c t i o n s ,  w i th  each of which is a s s o c i a t e d  a par- 

t i c u l a r  va lue  of h ,  c a l l e d  an equ iva len t  depth. Each of t hese  s o l u t i o n s  

l 
I i s  spoken of  a s  a mode of o s c i l l a t i o n  and desc r ibes  the  l a t i t u d i n a l  

I behavior  of t he  o s c i l l a t i o n .  Because the  r a t i o  of t h e  length  of the s o l a r  

I 
day t o  the  l eng th  of t he  s i d e r e a l  day is e s s e n t i a l l y  the  same on Mars a s  

on Ea r th ,  a g iven  mode of  o s c i l l a t i o n  has  e s s e n t i a l l y  the  same form i n  
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the two atmospheres. On the  o t h e r  hand, the  equ iva len t  depth correspond- 

ing to  a given mode of o s c i l l a t i o n  i s  l e s s  on Mars than on Ea r th  because 

of d i f f e r e n c e s  i n  r a d i u s  and mass of  the  p l a n e t s .  

I n  the  case  of f r e e  o s c i l l a t i o n s  (not  g r a v i t a t i o n a l l y  o r  thermal ly  

forced) ,  the  r a d i a l  equa t ion  is s o l u b l e  f o r  on ly  one o r  two va lues  of h ,  

which a r e  spoken of a s  e igenvalues .  The number and magnitude of the  

e igenvalue(s )  depend on the  average v e r t i c a l  temperature d i s t r i b u t i o n .  

The E a r t h ' s  atmosphere has  only  one such e igenvalue  wi th  a va lue  of about  

10 km, The Ear th ' s  atmosphere would have a second eigenvalue of about 

8 km i f  t h e  temperature near  t he  s t r a t o p a u s e  were a s  high a s  was once 

thought l i k e l y .  The temperature d i s t r i b u t i o n  i n  the  Mart ian atmosphere 

i s  no t  wel l  known, The temperature  i s  be l i eved  t o  decrease  upward, more 

r a p i d l y  near  t he  s u r f a c e  than  a t  h ighe r  l e v e l s .  For  a model atmosphere 

embodying these  f e a t u r e s ,  t he  Mart ian atmosphere a l s o  has  one eigenvalue 

of about 20 km. This va lue  does no t  depend very  c r i t i c a l l y  on the  exac t  

temperatures t h a t  a r e  assumed, A second e igenvalue  might a r i s e  i f  t he  

temperature d i s t r i b u t i o n  a t  s t i l l  h ighe r  l e v e l s  were of a r a t h e r  s p e c i a l  

cha rac t e r ,  but  t h i s  p o s s i b i l i t y  has  no t  been explored .  

The importance of t he  eigenvalues  i n  t i d a l  theory  i s  a s  fol lows:  

i f  an  e x c i t e d  mode of o s c i l l a t i o n  happens t o  have an  equ iva len t  depth 

whose va lue  i s  very  c l o s e  t o  one of t he  e igenvalues ,  then t h a t  mode w i l l  

be g r e a t l y  ampl i f ied  by resonance e f f e c t s .  A comparison of the equ iva len t  

depths on Mars f o r  modes t h a t  might be e x c i t e d  by s o l a r  hea t ing  wi th  the  

eigenvalue i n f e r r e d  f o r  t h e  Mart ian atmosphere i n d i c a t e s  t h a t  no resonance 

magni f ica t ion  i s  t o  be expec ted ,  
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T i d a l  o s c i l l a t i o n s  on Mars might a r i s e  from the  r a t h e r  l a r g e  d i u r n a l  

temperature v a r i a t i o n  nea r  t h e  s u r f a c e  t h a t  i s  i n f e r r e d  from theory and 

obse rva t ion .  This p o s s i b i l i t y  has been considered, and i t  appears  h igh ly  

improbable t h a t  the amplitude of t h e  r e s u l t i n g  d i u r n a l  su r f ace -p res su re  

o s c i l l a t i o n  ( r e l a t i v e  t o  the  t o t a l  s u r f a c e  pressure) exceeds t h e  amplitude 

of E a r t h ' s  semi-diurnal  o s c i l l a t i o n .  I f  t h i s  conclusion is  c o r r e c t ,  

t i d a l  o s c i l l a t i o n s  a r i s i n g  from t h i s  cause a r e  n o t  l i k e l y  t o  p l ay  any 

s i g n i f i c a n t  r o l e  i n  the Mart ian gene ra l  c i r c u l a t i o n .  

T i d a l  o s c i l l a t i o n s  might a l s o  a r i s e  from d i u r n a l  o r  semi-diurnal  

temperature o s c i l l a t i o n s  caused by p e r i o d i c  r a d i a t i v e  p rocesses  o c c u r r i n g  

through deep l a y e r s  of t he  Martian atmosphere. I n  o u r  p r e s e n t  s t a t e  of 

knowledge about  t he  composition of t h e  Martian atmosphere, one cannot be 

s u r e  about t h e  amplitude of such temperature o s c i l l a t i o n s ,  bu t  t hey  a r e  

probably too sma l l  t o  e x c i t e  s i g n i f i c a n t  t i d a l  motions. I f  the atmos- 

phere should c o n t a i n  ozone i n  amounts g r e a t e r  t han  now suspected ( o r  

any o t h e r  gas t h a t  absorbs s i g n i f i c a n t  amounts of s o l a r  r a d i a t i o n ) ,  t hen  

t h i s  t e n t a t i v e  conclusion would have t o  be re-examined. 

Thus, i n  t h e  con tex t  of p r e s e n t  i n fe rences  about  temperature and 

composition of t h e  Martian atmosphere, t he re  i s  no reason t o  expect  t h a t  

t i d a l  motions p l ay  an  important r o l e  i n  the  meteorology of Mars. 
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